Various methodologies and tools applied to identification of vehicle and collision impact seek to present more and more accurate solutions to reproduce, restore, recreate and investigate the casualty. Modern computer technology and software provide the tools to solve specific problems developing mathematical modelling of complex mechanical systems involving vehicles and other objects in a road accident. Scientists generally utilize the Standard Test Method for Impact Testing calculating the energy of deformation of both vehicles, however, one of its limitations is the evaluation of the kinetic energy of the vehicles in post-collision taking into consideration vehicle rotation and linear displacement. To improve the analysis, dynamic traffic simulation is used, taking into account the variations in the coefficient of friction, suspension elasticity and damping. The proposed method is based on a system of two equations derived from two principles: the Principle of Conservation of Mechanical Energy and the Principle of Conservation of Momentum in the impact phase. The new approach is conducted on mathematical modelling and computer simulation of vehicle motion after the impact, wherefrom the linear and angular velocities are analysed. This is achieved by the numerical solution of the differential equations of motion of the cars after the impact, and the given initial conditions that satisfy the solution are used to solve the system of equations. The main findings of the study can be grouped as follows: 1) The positions of the vehicles prior to the moment of first impact and the post-impact orientation of velocity vectors are more precise. 2) The variability of the tire-road friction coefficient is taken into consideration.
Introduction
Dynamic crash tests are main tasks for expert assessment of road traffic accidents. As a result, the velocity of the centres of mass of the two vehicles is obtained (Schmidt et al., 1998; Sharma et al., 2007; Daily et al., 2006; Prasad, 1990; Stucki, 1998; Hight et al., 1985; Mchenry R. and Mchenry G., 1986; Wach, 2003) . There are different methods of dynamic analysis, each with certain inaccuracy of the results obtained. The greatest error rate occurs when trying to find the impact, because the velocity of movement of the centres of mass after the impact is determined by the Centre-of-Mass Motion Theorem. Vehicles are considered to be material points and the tire-road friction coefficients are estimated. The effect of postimpact vehicle rotation and the resulting angular velocity are not taken into account. It is a well-known fact that after the crash the vehicle is involved in a significant rotation, each tire continues moving with a relative lateral sliding motion, which is a combination of linear displacement and simultaneous rotation. Due to significant deformations, it is also possible that a wheel might be blocked which would produce a much greater frictional force component compared to the frictional force of the wheel rotation with simultaneous lateral sliding. This movement is subjected to complex dynamic research owing to the fact that the tire-road friction coefficient is practically variable and depends on the speed of the point of contact.
Dynamic Impact Analysis between Two Vehicles
The most commonly used method of car impact is based on the Law of Momentum Conservation (Nolan et al., 1998; Hibbeler, 2004; Karapetkov, 2005; Karapetkov, 2010) , which can be expressed as:
where: and -masses of vehicles, ⃗ and ⃗ -pre-impact velocities of the centres of mass of the two vehicles, ⃗ and ⃗ -post-impact velocities of the centres of mass of the two vehicles. The vector equation is projected on two mutually perpendicular axes, yielding a system of two equations with two unknowns.
Based on the centre-of-mass motion theorem the two cars after collision get:
where: / 1,2/ -total mass of each automobile, -post-impact vehicle velocity of the centre of mass, ⃗ , / 1,2, … / -resistance forces and weight. Resistance forces are velocity-oriented of each contact tire-road point and opposite in direction. After projecting the centre of mass trajectory upon the tangential vector ⃗ and changing the variable, it is obtained: ,
where:
-curvilinear abscissa for the trajectory of the vehicle centre of mass. Dividing the variables and integrating for the post-impact rest position time interval the following occurs:
Using integration we can obtain:
where: σ , /i 1,2, … n/ -is the distance that the centre of mass has moved the vehicle.
If the road has a tilting slope "+" or a downhill "-" and the weight action of the vehicle is taken into account, the acceleration of the post-impact vehicle centre of mass is:
, (6) where:
, / 1,2, … / -friction coefficient for the particular road section of the real-time motion trajectory of the post-impact vehicle centre of mass (James et al., 1994) , / 1,2, … / -the road inclination angle for the particular road section of the trajectory of the real-time motion trajectory of the post-impact vehicle centre of mass, g -acceleration of gravity. The current study has probably some limitations due to the fact that vehicles are regarded as material points, on the one hand and on the other, the dynamic analysis does not take into account the variability of the road-tire friction coefficient, elasticity of suspension, post-impact angular velocity of the two vehicles.
Identification of Impact between Passenger Cars
Determining the velocity of the vehicle centre of mass following typical errors depends mainly on the correct definition of initial data. It is obvious that errors in the established methods of investigation are mainly made by selecting the tire-road friction coefficient. In practice, the motion is planar, but apart from linear displacement there is a complex dynamics of rotation of a multi-mass system of bodies.
Consequently, a new approach to vehicle dynamics has been implemented taking into consideration not only the post-impact linear displacement of the two passenger cars but also their rotation and deformation energy (Wicher, 2006 
where: and -masses of vehicles and -mass inertia for the two vehicles around the vertical axis , and -pre-impact vehicle velocities of the centre of mass, and -post-impact vehicle velocities of the centre of mass, and -post-impact angular velocities of the vehicle bodies around the vertical axis , and -deformation energy of car bodies resulting in a crash.
According to the Law of Momentum Conservation in a two-vehicle impact the analysis includes post-impact velocity of the vehicle centre of mass. When designing the equation on two mutually perpendicular axes in the right-hand side of the equation system, the post-impact velocity of the centre of mass is present. Typical error of the method is to determine the exact direction of the vehicle motion after the impact. The velocity vector is adopted in the direction of the coordinates of the centres of mass at the moment of impact and the final rest position. In practice, the car performs a sophisticated spatial movement that includes rotation and translation, as well as complex dynamics of tire-road friction.
The new approach in the study aims to analyses the post-impact velocity motion of the centre of mass, taking into account the macro motion of the multi-mass system, as well as the elasticity of suspension, the damping and the variable nature of the friction coefficient. Improved accuracy of the analysis is achieved by the fact that the vehicle is not considered a physical point that changes its direction of motion as a result of the impact and the created impulse by the impact force. In addition to the linear motion, the rotation around the vertical axis is also taken into account.
The analysis can be used primarily in car-to-car collisions. Car crash study of passenger cars and heavy goods vehicles, when there is a significant difference in masses, is not a matter of the present review. Owsiański, 2007) According to that model the intensity of the distributed impact load / dimension [N / m] / is considered a linear function of the plastic deformation.
Estimation of Deformation Energy of Vehicle
Hence, to determine deformation energy, it is assumed that the intensity of the distributed load of the impact forces is a linear function of the plastic deformation and is determined by the formula , (8) where:
is the impact force; -value of the plastic deformation, measurement performed perpendicularly to the respective contact plane under impact/deformation depth); -axis, perpendicular to the measured contact deformation and lying in the plane, where plastic deformation results. The maximum value of the coordinate l is the width of deformation zone L. Here, the coefficient A characterizes the elasticity of the structure and has a dimension of [N / m], whereas B -characterizes the linear increase with a dimension of / . Figure 1 shows the change in the intensity of the distributed load of the impact forces as a linear function of the plastic deformation. The maximum elastic deformation, which magnitude is  / -i.e. the length of the leg of the rectangular triangle, whose area is denoted by G. The elastic force has an intensity of the distributed load that can be assumed to be linear , (9) where: -total elastic strain whose maximum value is  / . 
where it is laid 2 2 .
The value of G represents the area of the indicated triangle in Figure 1 and, if integrated in the plastic deformation, is an integration constant.
The total energy loss is determined for the entire deformation width L by the integral
Deformation is a function of the transverse projection of l. After solving the integral for 6 uniformly distributed points along the deformation width, the following formula is obtained
where: -angle between impact normal and impact impulse;
L -width of deformation depth in ; /i 1,2 … 6/ -magnitude of deformation depth in ; A and -crush coefficients set respectively in / и / .
The main problems in the dynamic analysis of the obtained system of equations (1) and (4) 3) The right choice of the tire-road friction coefficients along every stretch. 4) Correct choice of the value of the coefficient of restitution 5) The reading of the variable tire-road friction coefficient when the wheels are rotated around their own axles.
6) Adoption of speed survey approach by use of the Centre-of-Mass Motion Theorem (2).
Dynamic Analysis of Post Impact Motion of Vehicles
Undoubtedly, the proposed formula (2) is too general and does not cover the full dynamic analysis of the vehicle post-impact due to the fact that it does not count for the complexity of friction between tires and road surface, elasticity of suspension, damping and so on. Equation (1) clearly shows that not only the deformation energy of the two bodies, but also the post-impact vehicle velocity of the centre of mass and the angular speed of the vehicle are exhibited. If we apply the centre-of-mass motion theorem, it would be a rather inaccurate approach, for it would not be possible to estimate the kinetic energy for the rotation of the vehicle after the impact (Niehoff and Gabler, 2006; Jiang et al., 2003) .
A considerably more precise approach is to use a system of twelve differential equations that take into account friction forces, elasticity and suspension, damping forces, gravity force, air mass resistance, etc. (Daily et al., 2006; Stucki, 1998; Hight et al., 1985; Karapetkov and Uzunov, 2016) .
The automobile is considered to be a multi-mass system ( Fig. 2 ) and the initial conditions that meet the differential equations for vehicle motion determine the whole post-impact kinetic energy. The analysis shows post-impact vehicle velocity of the centre of mass "u" and the angular velocity of the vehicle after the impact .
The differential equations of motion for each vehicle after impact, considered as a multi-mass spatial mechanical system, have the following views sin sin .
1 ,
where: -longitudinal slope of road; -transverse slope of road. According to the Work-Energy Theorem and its centre of mass in its relative motion on a translational moving reference frame starting with the centre of mass (briefly, relative motion to the centre of mass), we obtain ⃗ ⃗ ,
where ⃗ is the moment of all external forces related to the centre of mass of the mechanic system. According to König's theorem, the kinetic moment of the system is determined by the expression
where ⃗ , ⃗ , ⃗ are kinetic moments respectively of the unsprung mass without flywheel kinetic energy storage system/FKESS/, sprung mass and flywheel kinetic energy storage system in relative motion to the centre of mass of the mechanical system; ⃗ , ⃗ , ⃗ -kinetic moments of respectively the unsprung and sprung mass in relative motion towards their centres of mass , и ; , , -unsprung mass /without FKESS/, sprung mass and FKESS mass;
relative velocity of the centres of mass respectively of the unsprung mass without FKESS, sprung mass and FKESS to translational moving reference frame starting at the centre of mass of the mechanical system. The kinetic moment of the unsprung mass without the FKESS to its centre of mass in its relative motion around it in the projections of the coordinate axes permanently connected to the unsprung mass is of the kind , (17) where:
is a matrix of the mass inertia of the bodywork relative to the coordinate axes permanently connected to it , (18) while -matrix-column of the angular velocity projections on the same axes determined by Euler's formulas sin sin Ψ cos θ sin cos Ψ sin θ cos Ψ .
The kinetic moment of the sprung mass in its relative motion to its centre of mass C2 is of the kind
where: ⃗ ⃗ is the kinetic moment of each of the wheels (resp. pair of wheels / to the centre of mass in relative motion around it with a mass of the wheel; mki, -mass moment of inertia relative to its own axis of rotation; mass moment of inertia relative to the radial axis;
; ⃗ ⃗ -actual kinetic moment of each axle to its centre of mass in relative motion around it with a mass inertia moment related to the centre for the axle axis, which is parallel to the axis of / for trucks with dependent suspension; ⃗ ⃗ ⃗ , ⃗ ⃗ ⃗ , -corresponding relative velocities. The kinetic moment of the FKESS to its centre of mass in relative motion around it in projections of central axes, parallel to the coordinate axes permanently connected to the unsprung mass, in matrix form is of the kind , (21) where:
is a matrix-column of the projections of the absolute angular velocity of FKESS ⃗ ⃗ ⃗ on central axes, parallel to the coordinate axes, permanently connected to the unsprung mass of the coordinate system ′ ′ ′, determined by the Euler formula sin sin Ψ cos θ sin cos Ψ sin θ cos Ψ .
Here ⃗ is actual angular velocity of the FKESS rotor. The matrix has elements of mass inertia moments of FKESS related to its central axes, parallel to the coordinate axes, permanently connected to the unsprung mass . ( 
23)
After replacing the above-mentioned quantities in (16), the theorem for the absolute derivative of the variable vector in a moving coordinate system is applied. For the unsprung mass, the moving coordinate system is permanently connected to the fixed coordinate system ′ ′ ′, while for FKESS -a coordinate system starting with the rotor centre of mass and axes, parallel to the axes of the coordinate system, permanently connected to the unsprung mass coordinate system.
The following expression is obtained
where: ⃗ is angular velocity of the moving coordinate system, permanently connected to the unsprung mass.
After some transformations and projection of equation (24) on the axes permanently connected to the unsprung mass, the system of differential equations in matrix is obtained ,
where: is a matrix-column of the derivatives of the angular velocity projections on the coordinate axes permanently connected to the unsprung mass.
Here, is the total mass of the vehicle; / 14/ -mass of each of the wheels; / 12/ -mass of each of the drives; , , -coordinates of the vehicle center of mass in relation to the fixed coordinate system; , ,  -Euler angles of body's corners (unsprung mass);  -average angle of rotation of the steering wheels around their axles;  / 14/ -angles of rotation of the wheels on their own rotary axis; / 14/ -wheel angular velocity; ⃗ , / 14/ -friction forces in the wheels; / 14/ -normal reactions in the wheels; -drag coefficient; ⃗ -angular velocity of the movable coordinate system permanently connected to the unsprung mass; -matrix column of the derivatives of the projections of angular velocity on the permanently connected to the unsprung mass coordinate axes; ⃗ -angular velocity of the sprung mass and the constantly connected to it movable coordinate system ; -angular velocity of the flywheel (if available); , , , , , -moments of the frictional forces on the wheels and the normal reactions to the permanently connected to the vehicle coordinate axes; -matrix of the mass inertia of the bodywork related to the coordinate axes, permanently connected to it; -matrix column of the projections of angular velocity on the same axes determined by Euler's formula; , / 14/ -mass inertia of each wheel relative to its own axis of rotation and its radial axis;
-/ 12/ -intrinsic mass moment of inertia of each of the drives relative to its central axis parallel to ; ⃗ -tangential component of the friction force on the wheel;  -coefficient of friction depending on the sliding speed of the contact spot, which is introduced graphically or analytically; -radius of the wheel; -coefficient of rolling friction; -square matrix of coefficients in front of the actual angular accelerations of the drive wheels, depending on the wheel and engine inertia moments; -matrix column of its own angular wheel accelerations, of which two or four are propulsive;
, -corresponding engine and brake torque applied to each wheel
Coordinates of the centre of mass of the unsprung mass are defined by the expressions cos sin sin cos ,
where: is the unsprung mass; -sprung mass; -mass of flywheel (if available); / 1 3; 1 3/ -elements of the matrix formed by the mentioned cosines between the axes of the permanently connected to the sprung mass coordinate system and the fixed coordinate system. The angle of rotation of the coordinate system relative to the fixed coordinate system is determined by the integral cos .
Coordinates of the centre of mass of the sprung mass have the notation cos sin , sin cos , ,
-total mass of the vehicle; ⃗ -acceleration of the vehicle center of mass in relation to the fixed coordinate system; ⃗ -forces acting on the vehicle, including friction, suspension elasticity, damping, air resistance.
The relative movement of the wheels, differential/s / and the engine is characterized by a system of four differential equations obtained by Lagrange method, which has the type , ,
⃗ is tangential component of the tire-road friction force, the positive direction of which is taken backwards, in the more frequent cases of braking or loss of stiffness.
where: is friction coefficient depending on slipping speed on the contact spot; ⃗ -radius of the wheel; -coefficient of rolling friction; ⃗ -normal reaction of the road on wheels;
-a square matrix of coefficients in front the actual angular acceleration of the drive wheels, depending on the moment of inertia of the wheels and the engine; -a matrix-column of the actual angular acceleration of the wheels, two or four of which are propulsive.
Results
A front-impact car accident (Fig. 3) has been reconstructed and investigated with known total masses of vehicles and mass moment of inertia parameters (Vangi, 2009; Neptune et al., 1992; Niehoff and Gabler, 2006; Stronge, 2000) . Retrospective accident analysis was performed on damaged areas. Depth of vehicle deformations was recorded in six evenly distributed stretches (Fig. 4) . The position of the two vehicles at the moment of impact was determined in relation to roadway with centroid and centre of mass position in a selected stationary coordinate system. The geometric position of the two cars after the impact is known according to the same coordinate system. Elasticity coefficient and suspension damping data were taken into account.
Initial computational process conditions for differential motion equations (14), (15) (32) Figure 3 . Impact process of front-impact car accident (1) and (5) results in the following data. presented in Table 1 : After the numerical solution of the differential equations of motion using Matlab software tool, Simulink toolbox, the changes in the velocity projections of the centres of mass and the post-impact angular speeds for the vehicles in motion are obtained. (1) and (7) Test validity of the analysis can be done by applying the Impulse-Momentum Change Theorem for the two cars in the form of:
S ⃗ m ⃗ m ⃗ . 
A reconstruction model of vehicle impact speed for the centre of mass of both cars was built. The comparative analysis is shown in Figures 9 and 10 .
Results are checked by the Impulse-Momentum Change Theorem (33). Verification includes parallelism of the two vectors dV1 and dV2. In the first case (7), a vector analysis of the velocity change of the centre of mass related to impact was obtained without taking into account the angular velocity of the two vehicles after the impact. There is a difference in the parallelism of the two vectors of 6.53 o .
In the second case, the results are more accurate, shown in the improved parallel of the two vectors obtained from the analysis of the post-impact velocity of the centres of mass of the two vehicles and including the angular rotation around their vertical axis, the improved coefficient reading of the tire-road friction, etc.
Conclusions
1. The dynamic analysis to determine linear and angular velocities of vehicle centre of mass includes a set of significantly more precise procedures that take into consideration the variability of the tire-road friction coefficient, the dynamic components of the suspension elasticity and damping.
2. A comparative analysis was carried out to solve the task of impact according to the proposed new approach and to the use of the attributed friction coefficient, as an indicator of the improved accuracy is the comparison of the parallelism of the vectors dV1 and dV2 based on the Impulse-Momentum Change Theorem (33). In the analysis, the accuracy of the study depends on the parallelism of the two vectors, where the divergence of 6.53° reached 2.12°.
3. The analysis shows that measurements of deformations of both vehicles regarding resultant deformation energy E1 and E2 should take into account maximum plastic deformation.
4. Vehicle impact testing methodology is the most accurate and applicable primarily to passenger cars. In cases of a truck crashes, mass moments of inertia should be well known. It is quite often that heavy trucks experience a significant change in the centre of mass as a result of load displacement, which in practice is hard to account for.
